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Wall Pressure Fluctuations in Attached
Boundary-Layer Flow

A. L. Laganelli* and A. Martelluccit
Science Applications, Inc., Wayne, Pennsylvania

and
L. L.Shaw J -

AFWAL/FIBE, Wright-Patterson Air Force Base, Ohio

An examination has been made to derive a correlation for an aeroacoustic environment associated with at-
tached compressible flow conditions. It was determined that fluctuating pressure characteristics described by
incompressible theory as well as empirical correlations could be modified to a compressible state through a trans-
formation function. In this manner, compressible data were transformed to the incompressible plane where
direct use of more tractable prediction techniques are available for engineering design analyses. The in-
vestigation centered on algorithms associated with pressure magnitude and power spectral density. The method
and subsequent prediction techniques are shown to be in excellent agreement with both incompressible and
compressible flow data. •

Nomenclature
A -parameter, 1.7 <A< 3, incompressible flow
Cf = skin friction coefficient
/ = characteristic length .
m = viscous power law exponent
M =Mach number
MF = Mangier factor
n = velocity power law exponent
Prms = measured root mean square (rms) acoustic pressure
Pe = local boundary-layer static pressure
q = dynamic pressure

' r = recovery'factor (0.896 for turbulent flow)
Re = Reynolds number
T = temperature
u — velocity in stream directions
V ^characteristic velocity
5* = boundary-layer displacement thickness
eT = compressibility factor
fji = dynamic viscosity
p = density of fluid
a = theoretical value of rms fluctuating pressure (0 - oo

Hz)
T = shear stress
T = ratio of specific heats (1.4 for air)
\l/ = power spectral density
co = frequency, rad/s
Subscripts
aw = adiabatic wall
c = compressible
e = evaluated at edge of boundary layer
/ = incompressible
s = based on wetted length
w =wall .
oo = freestream conditions
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Superscript
( ) * = based on reference temperature conditions

Introduction

H IGH-performance ballistic vehicles are subject, during
re-entry, to an intense fluctuating pressure field which

can affect the integrity of the vehicle structure and impose
adverse vibration levels on internal components. These
pressure fluctuations arise from instability and unsteady
motions of fluid^which focus on intermittent eruptions of the
viscous sublayer. Pressure fluctuations in an incompressible
flow have classically been examined by relating the
phenomenon to velocity fluctuations through Poisson's
equation. Moreover, further simplification has been invoked
by considering only an interaction of the turbulent structure
and mean shear stresses. In this manner, mean square
pressure fluctuations for attached flows have been predicted.
However, the phenomenon is still understood only vaguely,
and design criteria have been developed primarily on the basis
of experimental data:

An examination of the literature has revealed that con-
siderable work has been devoted to incompressible flowfields
as well as compressible flow in the supersonic and, more
recently, hypersonic flow range. The present study will be
concerned with supersonic/hypersonic attached turbulent
boundary-layer flow characteristics. Moreover, this in-
vestigation considers the development of a correlation to
predict pressure magnitude and power spectral density (PSD)
based on experimental data and theory/The latter is derived
from incompressible flow characteristics and subsequently
modified to compressible flow behavior using transformation
functions. These techniques have been successfully used in
boundary-layer prediction methods and verified by ex-
perimental evidence.

The objective of the present investigation is to provide a
definition of the fluctuating pressure environment, in terms of
design algorithms, for the purpose of predicting vehicle
structural and internal component response. This paper has
been abstracted, in part, from a very comprehensive study
performed by Laganelli and Ho we1 who conducted an
analytical and experimental program to define aeroacoustics
environment applicable to re-entry vibration response
analysis.
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Previous Work
As previously noted, this study will emphasize super-

sonic/hypersonic attached turbulent flow behavior. Readers
interested in subsonic flow conditions are referred to the
survey of Willmarth2 as well as Refs. 1 and 3. Moreover, the
correlations describing the aeroacoustic environment
associated with pressure magnitude and power spectral
density will be addressed. As such, the works of Refs. 1 and 4
will be the starting point of this investigation.

Lilley5 found that the normalized power magnitude for
subsonic conditions was bound in the range 1.7<a/rw <3 at
M00<1; whereas, for a compressible flow, the ratio a/rw
ranged from 2.2 at zero Mach number to 5.6 at a Mach
number of 10. The above limits were experimentally observed
by Raman,3 Kistler and Chen6 and Martellucci et al.7 as well
as the recent work of Ref. 1. These investigators noted that
the ratio appeared to be a weak function of the Reynolds
number and Mach number. Based upon the above premise,
the ratio can be expressed as

=A (1)

where A is a parameter.
Using the definition of skin friction coefficient together

with dynamic pressure, the wall shear stress can be expressed
as Tw=2qe(Cj*/2), which when generalized to include a
variable velocity power law together with the Blasius form of
skin friction8 gives

Cf/2=MFK(n)eT(Res) -- (2)

where MFis the Mangier factor (unity for flat plates), K(n) is
a parameter (0.0296 for 1/7 velocity power law), and the
compressibility factor is defined as

eT= (p*/pe) (3)

In the above, starred properties are based on the classic Eckert
reference temperature method, namely,

Tw/Te)+0.22r[(y-l)/2]M2 (4)

which in effect represents an average distribution through the
boundary layer.

If one considers a constant-pressure boundary layer and the
equation of state, p*/pe = (Te/T*)> the Sutherland viscosity
law is generalized to give9

where

The compressibility factor can than be expressed as

3 tn[(Te + 198.6) I ( Tw + 198.6) ]
^ + ———— — —————
2

.(5)

(6)

(7)

where T*/Te is given by Eq, (4). The Mangier factor, subject
to the arbitrary velocity exponent, becomes8

(8)

—

(9)

and Eqs. (1) and (2) are written as

—

+ 0.22ry-1 2m-(l + n
1 (3 + n) 1

An examination of Eq. (9) indicates that the state of the
flow development (i.e., the laminar/transitional/turbulent,
where n = 7 represents a fully developed turbulent boundary
layer) will not change the rms pressure inasmuch as the ratio
K(n)MF(n)/Re2(3+n) is essentially invariant for all values of
n. Hence, variations in rms pressure will be a consequence of
changes in the parameter A, Mach number, or wall tem-
perature ratio. For subsonic flow conditions Afe-->0 and
Tw/Te-* unity and Eq. (9) can be expressed as

a 2AK(n)MF(n) -0. 006

which represents the incompressible value obtained from
experimental data, a result noted by several authors. -1«4' 10>* J

When assessing the sensitivity of the velocity power law
exponent n and the viscous power law exponent m, it was
found that the state of development of the turbulent boundary
layer had no effect on terms that constitute the empirical
constant 0.006. The most significant effect of the power law
exponents was determined to be on the compressibility
parameter, in particular for hypersonic flow conditions. For
example, if m is allowed to vary between 0.6 (typical flight
data value) and 1.0 (0.9 is a typical wind-tunnel value) with a
fixed value of n and a range of Tw/Te, it was determined1 that
low Maeh number cases showed a small variation in the
compressibility factor (^10%) due to changes in m, a result
noted by other analysts.9'12 However, for hypersonic con-
ditions (M>5), variations in the- exponent m resulted in
significant departures in the compressibility factor (as high as
50%).

If, on the other hand, one fixes the value of m and Mach
number (for an adiabatic wall situation), a variation in the
velocity power law exponent indicated only a 6% change from
M^ =4 to 10. Consequently, with the exception of the choice
of parameter A, the most significant effect in use of the
compressibility parameter appears to be in the coupling of
density and viscosity as opposed to density changes alone, a

2 3 4 5 6 7 8 9

LOCAL MACH NUMBER-Mtt OR Ma

10 11 12

Fig. 1 Variation of compressibility factor with Mach number and
wall temperature.
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result that appears to be amplified for high Mach number
values.

Equation (9) can now be expressed as

(o/qe)c^(a/qe)jeT (1.0)

where the subscripts c and 7 imply compressible and* in-
compressible conditions, respectively. The compressibility
parameter eT is defined by Eq. (7). Moreover, the use of the
compressible parameter allows one to transform compressible
data into the incompressible plane where direct use of more
tractable prediction techniques are available for engineering
design analysis. This approach has been successfully
demonstrated in fluid dynamic phenomenology.

Equation (10) can be expressed in limiting cases which are
more recognizable in the literature. For example, if one
considers a recovery factor r = 0.9 and 7=1.4 (air) together
with the definition of the recovery temperature

Taw/Te = l + r[(y-l)/2]M2

Equation (10) can be written as

a/qe = p.006/ [>/2 + ( TJTaw) (V2 + 0.09M2) + 0.04M2] °-64

: (ii)
where (o/qe)i is 0.006 and the power law exponents where
chosen are n = 7 and w = 4/5, respectively. The limiting cases
for Eq, (11) are the adiabatic wall case (Tw = Taw, hot-wall
condition) and the cold-wall case (Tw < Taw).

Discussion of Results
Figure 1 shows the compressibility factor as a function of

Mach number with wall temperature as a parameter. It is
quite interesting to note that the incompressible data (M< 1)
could reflect wall temperature variations for Tw/Taw<\.Q.
The curves were generated using a fully developed turbulent
boundary power law profile (/z = 7) and an average viscous
power law exponent (4/5) which is typical of wind tunnel
data.

Figure 2 shows Eq. (11) compared to the predictions of
Lowson10 (adiabatic) and Houbolt11 (cold wall). Itvshould be
noted that Houbolt modified his cold-wall prediction to an
adiabatic result, which is essentially the same as Lowson.
However, in neither case of Refs. 10 and 11 were viscous
effects considered. Also shown are data from several ex-
perimental studies for both incompressible and compressible
flows. While a large scatter is evident in the data, the effects
of viscosity and wall temperature appear significant with
increasing Mach number. This is believed to be a consequence
of the increasing rms pressure resulting from the viscous layer
adjacent to the wall.

Equation (11) can be cast into a different format which
shows the magnitude of the rms pressure relative to the local
static value. Here, one uses the definition of the dynamic
pressure qe — y/2PeMj such that

0.006y/2M2

(12)

Figure 3 shows the normalized rms pressure as a function of
Mach number for the two limiting cold-wall (T w <T a w ) and
hot-wall (Tw = Taw) conditions. Data from several ex-
periments are shown as well as freestream noise
measurements and surface data obtained in a laminar
boundary layer (LBL). Good agreement is noted for the fully
developed turbulent flow conditions. Moreover, the theory
predicts the correct trend. It is interesting to note the difr
ference in level of the rms pressure between freestream
measurements to cone surface measurements in a laminar
boundary layer in the work of Stainback et al.13 The authors
noted that at low shock strengths, the model shock had little
effect on the ratio of rms sound pressure and local pressure
and that the disturbances behind the shock are still
predominantly sound. Also, fluctuating pressure levels
measured underneath the laminar portion of the boundary
layer differed significantly for the various facilities where
data were obtained. An examination of the unpublished
measurements of Donaldson14 and Laderman15 indicates a
high level of tunnel noise when compared to the cone data of

icr*
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Fig. 2 Comparison of theory with data for rms pressure-attached turbulent boundary-layer flow.
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Fig. 4 Schematic of Eq. (13).

Ref. 7 (Me—6.1) which were obtained in the same facility.
Inasmuch as the measured levels of normalized rms pressure
in laminar flow were shown to be higher than tur-
bulent/transitional levels, one must speculate on possible
shock attenuation effects.

A final word on the rms pressure prediction schemes as
related to measured data is in order, in particular, the power
law exponents. It is generally accepted that the velocity power
law exponent n of 7 is accepted for fully developed turbulent
flow. However, Laganelli et al.8 have shown that fully
developed turbulent conditions could not be attained even on
models 1.5 m (5 ft) long. More realistically, the value of n, as
determined from profile measurements, was approximately 9
and this parameter reached values as high as 16 just after
transition. If a value of n = 9 and m = 0.8 were used, the ratio
o/qe would reduce by approximately 15%. If higher values
were chosen, the ratio o/qe could be reduced by 25% and
approach the Lawsori prediction shown in Fig. 2.

Power Spectral Density Considerations
Houbolt11 examined the compressible data of several early

experiments and noted that the spectra could be represented
by the empirical formula

2xlO~5

l+(ud*/ue)2 (13)V ;

in the range of 0.2<co6*/we<20 which is schematically
represented in Fig. 4. Inasmuch as the data indicate a peak in
the low-frequency range (point A), the empirical represen-
tation was considered to be flat in this range. This situation is
considered a conservative approach in structural applications
where low-frequency responses (/*<1000 Hz) tend to
predominate. From the definition of the mean square pressure
and utilizing Eq. (13), there results

Here, we note that the constant ir/2 is a consequence of the
functional form of the empirical formula representing the
spectrum. Normalized rms pressure is determined to be
a/qe .= 0.0056 which is approximately the value of measured
incompressible flow data.

On the basis of the above development, it appears that a
reasonable approach to evaluate empirical formulas for
power spectral density is to assess the zero frequency intercept
value and the normalized rms pressure values resulting from
integration of the various equations. Moreover, the in-

- compressible data of Bull16 and Blake17 will be used as a
baseline for testing the. techniques. It should be noted that
these data have been well documented and reviewed in the
scientific community. Moreover, the recent assessment of
these data by Willmarth2 and counterargued by Bull and
Thomas18 indicate the credibility of the Bull16 data for a
baseline case.

To integrate the various empirical power spectral density
equations, consider the following definite integral

spn+1 \q
(14)

for the condition Q<r/s<n + l. In the above T(z) is the
gamma function = ̂ e=ttz~Idt. The three equations to be
evaluated are from the works of Houbolt,11 Lowson,10 and
Robertson19 and will be designated as //, L, and R9 respec-
tively. Considering incompressible flow and the format of Eq.
(13), the three equations become

where ^(0) is the normalized zero intercept (low-frequency)
value of the power spectra. Figure 5 shows the data of Bull,16

Blake,17 and Schloemer.20 It appears that the intercept value
of the Bull data is approximately 2.2x10~5 , while that of
Blake approximately 1.3 x 10~5.

If we consider the definition of the rms pressure and in-
tegrate each of the above expressions, there results N

which yield, respectively

— \ =0.0056; ( —•) =0.00447; (~ ) =0.00471
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Hence, it appears that the Hpubo.lt functional form best
represents the measured incompressible normalized rms
pressure data. Relative to the zero intercept value, if we allow
o/q to take on the value of 0.006 and consider the following

q2d*

then

q2a* -5) = 2.29xlO-5-*Bull'sdata

q2a* . = 3.6 x 10~5>Bull's data

Q2** R

Thus, considering a limiting representation (M—0) of each
empirical format, it appears again that the Houbolt concept
best represents the data of Bull. One should note that
o/q=f[M,Re, Tw] and approaches a value of approximately
0.006 for incompressible flow conditions. If the Houbolt
algorithm is reconsidered over the entire spectrum

(15)l+K2u2

where K= kll V, for / and Fsome arbitrary length and velocity
and k a constant. Again using the definition of the power
magnitude and Eq. (15), there results

rr2 =

and Eq. (15) becomes

(a/q)2(2/ic)k
q2l (16)

where k=k/2K. For zero intercept values, the above is written
as

10-4

=(-)22-t\q/ TT
(17)

Fig. 5 Comparison of empirical correlation with incompressible data
for normalized power spectral density.
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Fig. 6 Comparison of incompressible/compressible normalized power spectral density data.
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Now Bull reported values of o/q = 0.005 while Blake reported
values of (7/^ = 0.00876; the latter result is considered quite
high. If we allow for k = unity, the normalized zero intercept
values of PSD become 1.59x 10r5 for Bull and 4.80x lO'5
for Blake. One sees from Fig. 5 that these values are not in
concert with the data.

In order to match the data as co—0, k would have values of
1.3825 and 0.266 for Bull and Blake, respectively. If these
values were used in Eq. (16) with the measured values of
cr/^oo, the equation would underpredict the Bull data while
significantly overpredicting the Blake data. If we allowed
°/qoo =0.006 and k = unity (Houbolt result), the zero in-
tercept value by Eq. (17), would be 2.29x 10~5, a result that
matches the Bull data quite nicely. Consequently, Eq. (16)
with k = unity is considered the most appropriate algorithm
for predicting incompressible power spectral density.

Keeping in mind that Houbolt's functional form does not
preclude compressible conditions, the following is offered as
an appropriate generalization. Using Bull's data as a baseline
as well as the Houbolt functional form, Eq. (16) can be
written as

(a/qe)?(2/ir)k
k^ unity

Raman3 determined a similar expression for compressible
flow that considered the functional form of Lowson. It was
previously stated that the incorporation of the (o/qe)2 in the
above acts like a transformation function for compressible
effects as given by Eq. (10). Thus, for w-*0, we can write

(18)

We recognize that the right-hand side of the above is constant,
as well as (o/qe)} which has a value of 0.006. Inasmuch as the
compressibility factor eT is an inverse function of Mach
number (Fig. 1), then the zero intercept value for com-
pressible flow should decrease with increasing Me. Moreover,
use of the incompressible formulation for PSD via the
Houbolt format that considers q2

e instead of a2 for nor-
malization should allow for compressible data to be trans-
formed into the incompressible plane using the com-
pressibility factor. Figure 6 shows the results from several
compressible experiments as well as the incompressible data
of Bull and Blake. The compressible data indicate that the
zero intercept values are indeed less than the incompressible
value (2.29x 10~5). Hence, Eq. (18) will serve as the basis for
which compressible data will be evaluated in the current
investigation.

Some comments are in order relative to gage size and
measuring errors in the high-frequency range. Willmarth2

noted that earlier investigations (prior to Blake) used large
transducers that could not resolve small-scale fluctuations
even when using gage size corrections. Figure 5 shows such a
disparity between the data of Bull and Blake for Strouhal
numbers > 1. Bull and Thomas18 performed an experiment to
determine the difference between pinhole -microphone
measurements (such as Blake) and piezoelectric transducers as
used previously. It was found that the pinhole caused spurious
contributions to ^(co), up to factors of 4. Consequently,
assuming some error in the Bull data such that the integrated
area of the spectra would yield slightly higher values of a/q
than the measured values (0.005), we will assume that the
normalized power magnitude has a value of 0.006 for in-
compressible flow. This appears to be a reasonable choice due
to the possible high-frequency errors from both, experiments.
Hence, use of the above value for o/q^ and k = unity yields
the desired result for the zero intercept value. When these
values are used in Eq. (16), the Houbolt format fits the Bull
data over his predicted range 0.2<ud*/ue <20.

It is observed that a significant dispersion of the data occurs
for Strouhal numbers <5 x 10 ~2 . Due to the high velocities
attained at hypersonic conditions the compressible Strouhal
number can be less than the incompressible values by over an
order of magnitude. This is reflected in the compressible data.
Moreover, Dods and Hanly21 noted that at low frequencies
spurious contributions are accorded to the pressure fluc-
tuating field from tunnel noise. We have already noted (Fig.
3) that the AEDC von Karman A and B Facilities are con-
sidered high noise level tunnels. Also, Coe et al.22 recognized
that statistical accuracy is reduced in the low-frequency range.
Willmarth2 in his review commented that many experimenters
terminate the spectra for o)d*/uw < 10"1 because
measurements are obscured due to tunnel noise. Other factors
leading to spurious results are attributed to exact definitions
of the transition zones, vibration modes, surface/gage
roughness, pressure gradient, gage size (high-frequency
range), and the interaction of turbulence with turbulence.

Generalization of PSD over Frequency Range
Consider again Eqs .(10) and (18) such that

5

It has been observed that with increasing Mach number, the
zero intercept PSD decreases. Consequently, the right-hand
side must also decrease with increasing, Mach number.
Inasmuch as the term (o/qe) behaves in this fashion (Fig. 2),
continuity of the above expression is maintained. The
compressible state can be transformed into the incompressible
plane through a transformation function, a practice com-
monly employed in boundary-layer theory. For example, the
skin friction coefficient can be expressed as

• C =CfFch Jc c

where Fc is the transformation function. The rms pressure has
been transformed by such a process and is represented by Eq.
(10) where Fc — l/eT. The above zero intercept level can then
be written as

2 (a/qe)2 _2 / a
* F2

For incompressible flow, one has

Hence, comparing the above expressions allows for the ar-
bitrary parameter k to be equal to the compressibility
parameter e2

T . The Strouhal number can also be transformed
to

whereFc = l/eT = l / ( k ) l / 2 . Equation (16) becomes

(o/qe)2
ie2

T(2/'K)
<?is* /+C//4) (««•/«,) * (19)

where it is noted that the Strouhal number maintains com-
pressible values. The above formulation represents the power
spectral density, in which the Houbolt functional relation has
been generalized for application to attached compressible
turbulent boundary-layer flow. Here, one notes that both the
dependent variable (PSD) and independent variable (Strouhal
number) have the required transformation functions.
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PRESENT THEORY (a= 0°)
EQ. (19), n = 7, m=4/5

X MEAN OF BULL
0 MEAN OF BLAKE
o RUN 25-Moo-4
• RUN 103
D 42/21

Fig. 7 Comparison of present normalized spectral measurements with other spectral data and theory.

Figure 7 shows the present prediction scheme compared to
the data of several experiments and an excellent match to data
is observed. The zero intercept value of measured normalized
PSD decreases with increasing Mach number and the theory is
shown to T}e in agreement with this trend. However, the
decrease of the spectrum with increasing Strouhal number
displays different characteristics among the various in-
vestigators.

For predicting levels of power spectral density, nor-
malization by edge dynamic pressure and the Houbolt func-
tional form are recommended. The prediction method is
shown as Eq. (19) where the compressibility parameter has
been employed to transform the incompressible theory into a
compressible plane. Of particular importance is the trans-
formation on the independent variable (Strouhal number).

Conclusions
The following algorithms are recommended to describe the

pressure fluctuation environment for pressure magnitude and
power spectral density, for attached turbulent boundary-layer
flow.

rms pressure:

where

(ff / t fe) , =0.006, incompressible value

er = compressibility factor = (T*/Te)[2m-(1+"^/(3+n)

for m and n in the viscous law and velocity power exponents,
respectively. The reference temperature ratio T*/Te is given
by Eq. (4) in terms of local boundary layer properties.

Power spectral density:

V-028* /,

In the above, the fluctuating pressure characteristics described
by incompressible flow behavior were modified to a com-
pressible state through a transformation function, a practice
commonly employed in boundary-layer theory. The

prediction schemes have been compared to both compressible
and incompressible wind-tunnel data where good agreement
was accorded.
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